The large-amplitude vibrational behavior of a shallow spherical-cap shell is investigated theoretically using simple arguments. The results of this approximate analysis are expressed in the form of appealingly simple nondimensional quantities. It is shown that the frequency of the fundamental mode of such a shell falls by as much as 50% as the vibration amplitude is increased to approximately the sl•ell depth. For even larger amplitudes the frequency rises, and it exceeds the small-amplitude frequency when the amplitude is more than about twice the shell depth. The influence of shell thickness is considered and increasing thickness is shown to decrease the frequency shift. This analysis is shown to account for the pitch glide behavior of certain Chinese opera gongs.
INTRODUCTION
In a recent paper in this Journal, Rossing and Fletcher • reported an experimental study of the small-amplitude and large-amplitude behavior of the vibration of Chinese opera gongs. These gongs, which are circular and have the sort of cross section shown in Fig. 1 , are acoustically interesting because they exhibit contrary pitch glides. The larger gongs, the central striking surface of which is fiat, glide downward in pitch by as much as three semitones after being struck. The smaller gongs, which have a very slightly domed striking surface, glide upward in pitch by as much as two semitones.
The experimental study investigated several possibilities and concluded that the glide direction was probably determined by a combination of the effects of curvature and of internal stress. Only a qualitative discussion was given.
In retrospect, it tums out to be quite simple to give a quantitative analysis of the large-amplitude behavior of gongs such as these and, since the phenomena are aurafly striking, easily demonstrated, and applicable to a variety of related structures, it seems worthwhile to present the discussion briefly here. While the analysis glosses over many of the details in the interests of simplicity, this is in many ways an advantage, and the treatment does represent a significant extension of more rigorous developments published in the We, therefore, simplify our discussion by considering the active part of the gong to consist of a quasispherical domed shell with its edge rigidly clamped. The nonzero mechanical admittance of the conical flange need not concern us since we will not be concerned with calculating precise resonance frequencies. The case of a gong with a fiat central section is clearly included as a limiting case in the derivation.
In the simplest treatment, we can neglect the flexural stiffness of the shell and consider its elastic rigidity to be provided by the membrane forces arising from the geometri- We should allow, however, for the fact that the shell has appreciable rigidity because of its thickness, and this contributes a further term to the restoring force so that
the curve for which is also shown in Fig. 2 . The nonlinearity associated with the stiffness term is very much less than that arising from the membrane forces and it can reasonably be neglected.
Using ( and Eq. (4) can then be written
where we have included also a viscous damping term.
We can easily develop an approximate solution to this nonlinear differential equation by a simple extension of the method of slowly varying parameters. s If we assume a solution of the form x =A cos ½+B, Because of the limited importance of the Chinese gong problem, it is hardly worthwhile to pursue these elaborations of the theory in detail here.
D. Validity
Our concern here has been to develop a set of rather generally applicable approximate formulas rather than to investigate a well-defined situation with precision. It is important therefore to consider briefly the major assumptions and approximations to see how these might limit the accuracy and generality of the results.
The shell we discussed was assumed to be sufficiently shallow that it was able to pass through an intermediate plane configuration without buckling. This is an important consideration and at the same time difficult to quantify without elaborate investigation. We shall not consider this further except to note its importance in defining a limit to the shell aspect ratio r/x o to which the theory is applicable.
We also assumed the shell to be a spherical cap though 
II. CONCLUSIONS
For the small gong discussed in our earlier paper,• the stdldng shell is about 10 cm in diameter, the material thickness of the shell is about 0.7 mm• and the cap height xo is about I ram, though the curvature departs from spherical in such a way that the equivalent spherical x o may be somewhat less than this. Ass,mirig a value ofh/x o near 0.7, the curves of Fig. 4 predict a maximum frequency depression of about 20% for an amplitude,/somewhat greater than xo. Since one semitone corresponds to a frequency change of approximately 6%, this implies a maximum pitch glide of around three semitones, which is rather more than the aurally judged glide but in acceptable agreement with experiment in view of the uncertainty of the observation and the deviation from spherical curvature.
It is interesting to note that the shape of the curves in Fig. 4 implies that the total pitch glide is fairly stable for amplitudes in the range 0. Sx o to 1.Sx o, with a smaller glide for less energetic excitation. This too agrees with experience. It does not appear possible, with the rather light soft stick provided with these gongs, to achieve an amplitude sufficiently large to exhibit the reversing glide predicted by the theory.
In the case of the larger gong, the diameter of the central section is about 15 cm and the material thickness is about 1 mm. A vigorous blow can give a vibration amplitude approaching ! rnm so that, by {28), a downward pitch glide of several semitones is predicted, in agreement with observation.
In summary, this discussion reveals clearly the design parameters upon which the pitch glide phenomenon depends. Apart from the excitation amplitude, these are purely geometric and reduce essentially to the ratio of the shell thickness h to the shell center offset x o. The fundamental frequency of the gong also depends upon h, x• and the gong central radius r, together with the elastic constants of the gong metal, as set out in Eq. (20}. It is the remarkable simplicity of these results that makes the approximate treatment set out in this paper worthwhile.
